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Abstract 

X 

An anti-self-dual instanton solution in Yang-Mills theory on noncommutative R 4 with an 
ant i- self- dual noncommutative parameter is constructed. The solution is constructed by 
the ADHM construction and it can be treated in the framework of the IIB matrix model. 
In the IIB matrix model, this solution is interpreted as a system of a Dp-brane and 
D(p+4)-branes, with the Dp-brane dissolved in the worldvolume of the D(p+4)-branes. 
The solution has a parameter that characterises the size of the instanton. The zero of this 
parameter corresponds to the singularity of the moduli space. At this point, the solution 
is continuously connected to another solution which can be interpreted as a system of a 
Dp-brane and D(p+4)-branes, with the Dp-brane separated from the D(p+4)-branes. It 
is shown that even when the parameter of the solution comes to the singularity of the 
moduli space, the gauge field itself is non-singular. A class of multi-instanton solutions is 
also constructed. 



1 Introduction 



After the discovery of Dirichlet Branes (D-branes) [|TJ the nonperturbative analysis of 
string theory has achieved much progress. One of the key features here is that the low 
energy effective field theory on the worldvolume of Dp-branes describes the configuration 
of the D-branes in a target space, and vice- versa [fj] . 

The Dp-D(p+4) system has attracted much interest for a number of reasons. The 
ground states of the Dp-D(p+4) system preserve one-fourth of the supersymmetry in 
superstring theory. One of the interesting features of this system is that it has descriptions 
from two different viewpoints. The low energy effective theory on the worldvolume of the 
D(p+4)-branes is a supersymmetric Yang-Mills theory, and when the Dp-branes are within 
the worldvolume of the D(p+4)-branes the Dp-branes are described as instantons on R 4 
transverse to the Dp-branes and within the D(p+4)-brane. On the other hand, the low 
energy effective field theory on the worldvolume of the Dp-branes is in the Higgs branch, 
and the moduli space coincides with the moduli space of instantons on R 4 The 
moduli space of instantons has so-called small instanton singularities. These correspond 
to the instantons shrinking to zero-size, and the low energy Yang-Mills description on 
the D(p+4)-branes may break down. In the Dp-brane worldvolume theory, the Higgs 
branch meets the Coulomb branch at these small instanton singularities. The Coulomb 
branch describes the separation of the Dp-branes from the D(p+4)-branes in the direction 
transverse to the D(p+4)-branes. 

The constant NS-NS B-field background in the worldvolume of D(p+4)-branes gives 
interesting effects to this Dp-D(p+4) system. Under the constant NS-NS B-field back- 
ground the coordinates on the D(p+4)-branes become noncommutative. On the other 
hand, when the B-field in the R 4 has a non-zero self-dual part (in our convention the 
Dp-branes are described as anti-self-dual instantons), the field theory on Dp-branes ac- 
quires a Fayet Iliopoulos term ||. Then, the small instanton singularities in the moduli 
space are resolved |7]], and the Coulomb branch disappears from the field theory on the 
worldvolume of the Dp-branes. This means that the Dp-branes are confined within the 
D(p+4)-branes. Since the coordinates on the D(p+4)-branes become noncommutative, 
the Dp-branes should be described as instantons on noncommutative R 4 in the worldvol- 
ume theory on the D(p+4)-branes. This expectation is confirmed by the beautiful results 
in the moduli space of the field theory on the worldvolume of the Dp-branes under 
this background coincides with the moduli space of instantons on noncommutative R 4 . 

Recently, a classical solution of the Yang-Mills theory on noncommutative R 4 (non- 
commutative Yang-Mills) was found in ||. It is a self-dual gauge field configuration on 
noncommutative R 4 with a self-dual noncommutative parameter. This solution can be 

1 Here we are considering the classical moduli space. For the discussions on possible quantum correc- 
tions, see Jj|. 
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realized in the M(atrix) model |10||||11J| and the IIB matrix model | I2]|[P^ |, and then it 
coincides with a solution which has been studied before [|14[] . In these matrix models, this 
solution is interpreted as a system of Dp-branes and D(p+4)-branes separated from each 
other. 

Motivated by ||, in this article we construct a new Q U(2) anti-self-dual instanton 
solution on noncommutative R 4 with an anti-self-dual noncommutative parameter |] The 
construction of the anti-self-dual gauge configuration on R 4 with ant i- self- dual noncom- 
mutativity is technically the same as the construction of a self-dual gauge configuration 
on R 4 with self-dual noncommutativity. The solution is constructed by the ADHM con- 
struction, and can be treated in the framework of the IIB matrix model. In the IIB matrix 
model, this solution can be interpreted as a system of a Dp-brane and D(p+4)-branes, 
with the Dp-brane dissolved in the worldvolume of the D(p+4)-branes, and with constant 
ant i- self- dual NS-NS B- field background in the worldvolume of the D(p+4)-branes. In 
this case, the moduli space of instantons has a small instanton singularity. When the 
moduli parameter of the solution comes at this singularity, the solution is continuously 
connected to the solution discussed in 00]. It is explicitly shown that even though the 



parameter of the solution comes to the singularity of the moduli space, the corresponding 
gauge configuration is non-singular. Thus, the noncommutative Yang-Mills can describe 
the separation of a Dp-brane off the D(p+4)-branes, with non-singular variables. This is 
quite remarkable compared to the commutative case, because instantons on commutative 
space can describe only Dp-branes within the worldvolume of D(p+4)-branes, since the 
field strength becomes singular at the small instanton singularity. 

We also make some comments on the instanton position parameter. When the size 
of the instanton becomes minimal, the instanton position parameter can be identified, in 
the IIB matrix model, with a position of the D(-l)-brane in the direction parallel to the 
D3-brane worldvolume. 

A class of multi-instanton solution is also constructed. The origin of the small instan- 
ton singularities can be observed directly from the field configuration. 



2 The existence of such solution itself is a rather straightforward consequence of the ADHM construc- 
tion. However, the explicit expression of the small instanton limit may be non-trivial. 

3 The case of anti-self-dual gauge configuration on R 4 with self-dual noncommutativity has already 
been studied in some detail (see (|],0-[|9)). 
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2 Yang-Mills Theory on Noncommutative R 4 



In this section we briefly review Yang-Mills theories on noncommutative R 4 and their 
appearance in the IIB matrix model with certain backgrounds. 

Gauge Fields on Noncommutative R 4 

The coordinates x^ (fi = 1, • ■ ■ , 4) of the noncommutative R 4 obey the following commu- 
tation relations: 

=10"", (2.1) 

where the noncommutative parameter 9^ u is a real constant matrix. By 5*0(4) rotation 
in R 4 one can set the components of the matrix 9^ v to zero, except 9 12 = — # 21 and 
9 3A = —9 i3 . We introduce the complex coordinates by 

Z\ = x 2 + ix 1 , z 2 = x 4 + ix 3 . (2.2) 

Their commutation relations become 

[Zl,Zl]=Cl, [Z2,Z 2 ] = (2, 

[z 1 ,z 2 ] = [zi,z 2 ] = 0, (2.3) 

where Ci — — 2# 12 and (2 = —29 3A . In this article we study the case where 9^ v is anti- 
self-dual, i.e. 6 12 + 9 34 = 0. This means £1 = — £ 2 - Further, we set Ci > 0. We then 
define 




We realize a' and a as creation and annihilation operators acting in a Fock space TC 
spanned by the basis |ni,7i2): 

a[\ni,n 2 ) = \fn\ + 1 |m + l,n 2 ) , ai \rii, n 2 ) = \fn{ \m - 1, n 2 ) , 

|rzi, ri 2 > = \fn 2 + 1 \ni,n 2 + 1) , a 2 K, ^2) = K> n i - 1) • (2.6) 

The commutation relation ( |2.1| ) has automorphismes of the form x^ 1— > x' 1 + (transla- 
tion), where y M is a commuting real number. We denote the Lie algebra of this group by 
g. These automorphismes are generated by the unitary operator T y 

T y = exp[y^}, (2.7) 
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where we have introduced a derivative operator <9 M by 

4 = iB^x". (2.8) 

Here, B^ v is an inverse matrix of 9^ u . The derivative operator <9 M satisfies the following 
commutation relations: 

[d„x»} = 5;, [d (t ,d„]=iB ia ,. (2.9) 

From (|2.9| ) we obtain 

TyX^Tl = x^ + y fl . (2.10) 
For any operator O we define derivative of operator O by the action of g: 

9 » 6 = J&o ^ ( T ^ 6T l - 6 ) = O]- (2- 11 ) 

The action of the exterior derivative d to the operator O is defined as 

dO ee {a/)) dx^ . (2.12) 

Here, <ir M 's are defined in the usual way, i.e. they commute with x^ and anti-commute 
among themselves: dx^dx v = —dx v dx 11 . The covariant derivative D is written as 

D = d + A. (2.13) 

Here, A = A^dx^ is a U(n) gauge field. A^ is an n x n anti-Hermite operator-valued 
matrix. The field strength of A is given by 

F ee D 2 = dA + A 2 = -F^dxW . (2. 14) 

We consider the following Yang-Mills action 

S = 4^ (7rCl)2 Tr « tr ^M (2-15) 



The action ( 2.15 ) is invariant under the following U(n) gauge transformation: 

A -»• Udrf + UAUl (2.16) 

Here, U is a unitary operator: 

UU ] = U ] U = \& n ® Id„ , (2. 17) 
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where Id^ is the identity operator acting in Ti and Id n is the n x n identity matrix. We 
will also simply write this kind of identity operators as "1" , if this is not confusing. The 
gauge field A is called anti-self-dual if its field strength obeys the following equation: 

F + = ^(F + *F) = 0, (2.18) 

where * is the Hodge starfj Anti-self-dual gauge fields minimize the Yang-Mills action 
( p,15| ). An instanton is an anti-self-dual gauge field with finite Yang- Mills action (|2.15| ). 

One can consider a one-to-one map from operators to ordinary c-number functions on 
R 4 . Under this map, noncommutative operator multiplication is mapped to the so-called 
star product. The map from operators to ordinary functions depends on an operator 
ordering prescription. Here, we choose the Weyl ordering. 

Let us consider Weyl ordered operator of the form 

/(*) = / ( 2 - 19 ) 



where kx = k^x^. For the operator- valued function (|2.19| ), the corresponding Weyl 
symbol is defined by 

fw(x)= J ^fw(k)e^ } (2.20) 

where x^'s are commuting coordinates of R 4 . We define Qw as a map from operators to 
corresponding Weyl symbols: 

Vw(m) = fw(x). (2.21) 
One can show the relation Tr^jexp (ikx)} = (7rCi) 2 S^(k). We then obtain 

(7rCi) 2 Tr w /(x) = J d 4 xf w (x). (2.22) 
The star product of functions is defined by 

f(x)*g(x) = fi w (fi iy 1 (/(x))^ 1 (( ? (a;))). (2.23) 

Since 

the explicit form of the star product is given by 

f(x)*g(x) = e^^e^f(x)g(x') , . (2.25) 



4 In this note we only consider the case where the metric on R 4 is flat: g^ v = S : 



ft IS ■ 
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From the definition ( |2.23| ), the star product is associative 

(/(:r) * g(x) ) * h(x) = f(x) * (g(x) * ). (2.26) 
We can rewrite (|2.15 ) using the Weyl symbols 



S = 1T3 ltr u{n) F*F. (2.27) 



4<? 



In ( 2.27]) , multiplication of the fields is understood to be the star product. The instanton 



number is defined by 

-^JtT U(n) FF, (2.28) 

and takes an integral value. 

Noncommutative Yang-Mills in the IIB Matrix Model 

It is sometimes convenient to treat the classical solution of noncommutative Yang-Mills 
theories in the framework of the IIB matrix model. In the IIB matrix model, noncommu- 
tative Yang-Mills theories appear from expansions around certain backgrounds [f2~T|l |[22|| . 
The IIB matrix model was proposed as a nonperturbative formulation of type IIB 



superstring theory [|I2"|1 flIBfl . It is defined by the following action: 



s = -\tt u(n) x v \ [x», x»] + Jer^, e] ) = o, • ■ • , 9), (2.29) 



where X^ and G are N x N hermitian matrices and each component of is a Majorana- 
Weyl spinor. The action ( |2.29| ) has the following U (N) symmetry: 

X M -> UX^U\ 
6 -> UQU\ (2.30) 

where U is an N x N unitary matrix: 

UU ] = WU = ld N . (2.31) 

The action ( [2.29 ) also has the following Af = 2 supersymmetry: 



5«e = l -[x^x v }T^^\ 
= *e (1) ive, 

5 {2) X^ = 0. (2.32) 
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Noncommutative Yang-Mills theory appears when we consider the model in a certain 



classical background [PIJIP2"] . This background is a solution to the classical equation 
of motion, and is identified with D-brane in type IIB superstring theory. The classical 
equation of motion of the IIB matrix model is given by 



[x ll ,[x„x v ]] = a. 



(2.33) 



One class of solutions to (|2.33|) is given by simultaneously diagonalizable matrices, i.e. 
[Xp, X v ] = for all v. However the IIB matrix model has another class of classical 
solutions which are interpreted as D-branes in type IIB superstring theory: 



Xfj, = id^ <g> Id, 
[idu,id v ] = -%B 



iivi 



(2.34) 



where B^ u is a constant matrix, id^ is an infinite-dimensional matrix because if they have 
only finite rank, taking a trace of both sides of (|2.34 ) results in an apparent contradic- 
tion. ( |2.34| ) is essentially the same as the one appearing in ( |2.9| ). Therefore, we define 
"coordinate matrices" x M from the formula 



(2.35) 



where 9^ u is an inverse matrix of B^ v . Then, their commutation relations take the same 
form as those in (12.11): 



(2.36) 



We identify these infinite-dimensional matrices with operators acting in the Fock space 
Ti. Thus, the noncommutative coordinates of R M appear as a classical solution of the 
IIB matrix model, where 2d is the rank of B^ and the dimension of the noncommutative 
directions. Now, let us expand the fields around this background: 



Xj 



i(d„ + a^) 



%D 



(2.37) 
(2.38) 



Here, /i, v are the indices of the noncommutative directions, i.e. det 9^ u ^ and /, J 
are the indices of the directions transverse to the noncommutative directions. Then, the 
action Q2.29p becomes 



S 



— 5-Tr w tr[/( n ) 



-~{F^ + iB^){F^ + iB^) + 



(2.39) 
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Here, 

D^j = [D lt ,<f> J ]=d li $ I + [A li ,$ I ], (2.40) 

d^q = [D lx ,e] = d fl e + [A fM ,e]. (2.41) 

We thus obtain a supersymmetric noncommutative Yang-Mills theory with a U(n) gauge 
group. The gauge transformation follows from ( |2.30| ): 

Ay -> UAprf + Udprf, (2.42) 

$/ -> C/^C/T, (2.43) 

6 -> C/eC/t. (2.44) 

Here, C/ is a unitary operator: 

UU ] = U ] U = ld n <g> Id n . (2.45) 

The transformation of the gauge field (|2.42|) is determined by the requirement that the 
form of the derivative of operators should be kept under the gauge transformation. 

As described in the previous subsection, we can rewrite the above matrix multiplication 
using ordinary functions and the star product. 

3 Anti-Self-Dual Instantons on Noncommutative R 4 
with an Anti-Self-Dual Noncommutative Parame- 
ter 

In this section we first review the ADHM construction of instantons on noncommutative 
R 4 , and then use it to construct an anti-self-dual instanton on noncommutative R 4 with 
an anti-self-dual noncommutative parameter 8^. 

Review of the ADHM Construction 

The ADHM construction is a way to obtain instanton solutions on R 4 from solutions of 
some quadratic matrix equations [ 20| . It was generalized to the case of noncommutative 



R 4 in |||] The steps in the ADHM construction of instantons on noncommutative R 4 
with noncommutative parameter 8^, gauge group U(n) and instanton number k is as 
follows: 

1. Matrices (entries are c-numbers): 

Bi,B^ : k x k complex matrices. 
I, J* : k x n complex matrices. (3-1) 



'For more detailed explanations on the ADHM construction on noncommutative R 4 , see [fl8|| |l£ 
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2. Solve the ADHM equations: 

Mr = C 
He = 

Here ( = 2(6> 12 + U ) and /iR, and /zc are defined by 



(real ADHM equation), 
(complex ADHM equation). 



Mr 
Mc 



EE 

EE [S l5J B 2 



tl 



■ [B2, B 2 
U. 



J/ t - J f J, 



(3.2) 
(3.3) 



(3.4) 
(3.5) 



3. Define 2fc x (2k + n) matrix P 2 

V K E 



a: 



(7 



5 2 - 22, Si - z x , /), 
[-(B\- Zi ),B\-z 2 , Jt). 



(3.6) 



Here, z and z are noncommutative operators. 
4. Look for all solutions to the equation 

2VP (a) = (a = l,...,n), 



(3.7) 



where \l/( a ) is a 2A; + n dimensional vector and its entries are operators. Here, we 
impose the following normalization condition on \I>( a ): 

tftottfW = 5 ab ld n . (3.8) 

In the following we will call these zero-eigenvalue vectors ty( a > zero-modes. 

5. Construct a gauge field by the formula 

A ab = ^(a)tg^^(6) j (3.9) 

where a and b become indices of the U{n) gauge group. Then, this gauge field is 
anti-self-dual. 

From the gauge field ( |3.9| ), we obtain the following expression for the field strength (for a 
derivation, see for example jl8| ): 



(4 4 



( dzi-^-dzi + dz 2 -^-dz 2 —dz\^dz 2 + dz 2 -^-dz\ \ / ipi \ 



-dz 2 -^-dzi + dz\-^-dz 2 dz 2 -^-dz 2 + dz\-^-dzx 

I— 'z I— >z I— 'z I— >z 

J 



1p2 

v * y 

(3.10) 
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where we have written 





f V»i 


\ 


( 


* = 


^2 










J 


V 



/ 



^1 

V>2 



k x n matrix. 
k x n matrix. 
n x n matrix. 



(3.11) 

is anti-self-dual: Fu+i^g = 0^ 



In the above we have suppressed U(n) gauge indices. F AI 
F 12 = 0. 

There is an action of U(k) that does not change the gauge field constructed by the 
ADHM method: 



(B u B 2 , 1, J) h+ (uB lU ~ l , uB 2 u~ l , ul, Ju' 1 ), u E U(k). 



(3.12) 



Therefore the moduli space Ai^(k, n) of instantons on noncommutative R 4 with noncom- 
mutative parameter 6^, gauge group U(n) and instanton number k is given by 



M f (fc,n) = ^(Ofl fic\0)/U(k). 



(3.13) 



Here, the action of U(k) is the one given in ( |3.12p . As stated in the previous section, in 
this article we consider the case where ( = 0. In this case the moduli space A4^(k,n) 
has so-called small instanton singularities which appear when the size of the instanton 
becomes zero. When ( 7^ 0, the moduli space A4^(k,n) does not have small instanton 
singularities |7J]. 

In the following we will sometimes find it more convenient to work with the variable 
in the IIB matrix model, rather than to work with A^. From ( 2.37 ) and ( |3.9| ), we 
obtain the following simple expression for the instanton solution X^: 



X„ 



id u + iA u = id u + i&Lv - i&vL 



From (|3.14j) we obtain 



X v 



(fx 



,4). 



—F. 



y.V ADHM 



iB 



(3.14) 



(3.15) 



where F, 



flV ADHM 



is given by (|3.10| ). From (|3.15| ) it is easily shown that the X^ in (|3.14j) 
satisfies the classical equation of motion of the IIB matrix model ( |2.33|) . It is also easy to 
show that this configuration preserves one-fourth of the supersymmetry 



U(2) One-Instanton Solution and Small Instanton Limit 

Now, let us construct an instanton by the ADHM method. The simplest solution may be 
a U(2) one-instanton solution. In this case, B\ and B 2 are lxl matrices, i.e. complex 
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numbers. Therefore, commutaters with B\ and B 2 automatically give zero, and a solution 
to the ADHM equation ( |3.4| ) is given by 



Then, from 



B 1 = B 2 = 0, J=(pO), Jt = (0p). 
we obtain 



V, 



-z 2 —zi p 
z\ —z 2 p 



A solution \I/ to the equation T> z ^> = is given by 



\ 



^(1) $(2) 



$(2) 



/ P \ 



Z2 

V -zi J 

( \ 

p 

V *2 J 



\ / Z 1 Z 1 + Z 2 Z 2 + p 2 



\/z x z x + Z 2 Z 2 + p 2 



( P \ 



\/Cl4 

( \ 

p 

V VCia 2 ) 



Ci(iV + 2)+p2 



Here, iV = a\ai + 0202- The zero-mode \I/ is normalized as in (3.8): 

{ ld H J ' 

The gauge field is given by ( |3.9|) : 

We can construct following classical solution of the IIB matrix model: 



X„ 



(/i, v = 4), 



Xj = c 7 Id w ®Id 2 (I, J = 0,5, ■■•9). 



(3.16) 



(3.17) 



(3.18) 



(3.19) 



(3.20) 



(3.21) 



This solution is interpreted as a system of (Euclidean) D3-brane with NS-NS B-field 
background in its worldvolume and a D(-l)-brane dissolved in the worldvolume of the 
D3-branes. From G3.21|) we obtain 



-F~ — iB 

± fXU ADHM bJ -'llV, 



[Xj,Xj}=0. 



(3.22) 
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Here, fj,, v are indices of the directions along the worldvolume of the D3-branes and /, J 
are indices of the directions transverse to the D3-branes. The explicit form of the field 
strength can be obtained from (|3.10|) : 



11 ADHM 



12 ADHM 



—R 



22 ADHM 



21 ADHM 



(Ci(iV+l)+P 2 )(Ci(iV+2)+ /9 2 ) 





Ci(iv+p 2 )(Ci(^+i)+p 2 ) 








2p 2 



(Ci (^V+l)+P 2 ) \/Ci (N+P 2 ) \/<i (N+2)+p 2 





(3.23) 



From ( |3.23| ) one can observe that the parameter p characterises the size of the instanton. 

The calculation of the instanton number reduces to the surface integral at infinity, and 
when the gauge group is U(2), the effect of the noncommutativity vanishes there. 6 Hence 
the instanton number is classified by 7r 3 (?7(2)), and the configuration Q3.20Q has instanton 
number one. It is a little fun to study how the direct calculation using the field strength 
( p. 23] ) leads to the instanton number one. From ( 3.23Q , we obtain 



22 



1 

Ti 



(N+l+s) 2 (N+2+s) 2 









R^R'. 



\2 r 2\ 



_ I (N+s)(N+l+s) 2 (N+2+s) 





R?a Rt 



2\ r \2 



1 

G 
l 



(N+s) 2 (N+l+s) 2 












4s 2 



(3.24) 



(N+s)(N+l+s) 2 (N+2+s) 



where we have introduced a dimensionless parameter s 
( j2.28| ) becomes 

1 



Then the instanton number 

Ci 



tr u{2) RR 



(Cl) 2 ^ H^U (2) 

Tr H 



--^11-^22 + ^ (^12^21 + ^21^12; 



+ 



1 



+ 



E 

(ni,n2) 



(N + 1 + s) 2 \(N + 2 + s) 2 (N + s) 2 (N + 2 + s)(N + s), 
s 2 ( 1 1 _ / 1 



(N + l + s) 2 I (iV + 2 + s) 2 (N + sf 



(N + s) (N + 2 + s) 



]^ {N + 1 \n + 1 + s) 2 \ (N + s) 2 
s 2 2(N + s) + l 



2(N + s) + 1 _ 2(N + s + l) + r 
(N + 2 + s) 2 



E 

N=0 



(N + l + s) 2 (N + s) 2 



When the gauge group is U(l), the effect of the noncommutativity do not vanish at infinity |1£ 
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+ E* 2 [n 



2(N + s) + 1 



N=0 



(N + s) 2 (N + 1 + s y 



-(N + l) 



2(AT + g + l) + l 
(N + 1 + s) 2 (N + 2 + s) 2 



E 



2(N + s) 



N- 
oo 

E 

N=0 



' (AT + 1 + s) 2 (AT + s) 5 



(N + s) 2 (A^ + l + s) 2 



1. 



(3.25) 



Thus the instanton number is one, independent of the parameter p which characterizes 
the size of the instanton. 

Now, let us consider the small instanton limit, i.e. p — ► 0. The moduli space ( |3.13|) 
becomes singular at p = 0. When p = 0, the zero-mode $ takes the following form: 



^r(l) ^( 2 ) 



V 



/ o \ 





«2 



V -<4 / 



N + 2 



^( 2 ) 





|0,0) (0,0| 
1 



a 2 - 



'^0 

i 



where 



t= is defined as 



E 



i 



|ni,n 2 ) (ni,n 2 | 



Thus when p = 0, the explicit form of the gauge field is given by 
A^x) = Wd^U + |0, 0) (0, 0| <9 M |0, 0) (0, 0| , 

where 



U 



1 



N + l 



a 2 d\ 
-a\ ci2 



U satisfies the following equations: 

UU ] = ld H <g> Id 2 , U ] U 



Id« 

Id H -|0,0)(0,0| 



Note that p is a projection operator: p 2 = p, p* = p. The field strength becomes 
F^{x) = i(l -p)B lxv = 





|0,0)(0,0| 



(3.26) 



(3.27) 



(3.28) 



(3.29) 



(3.30) 



jiB^ = F^(x). (3.31) 
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JL r 2 



Note that fiw(|0,0) (0, 0| ) = 4e c i r , where r 2 = x /t x M . Thus the p = corresponds 
to the "minimal size" [] instanton. The Weyl symbol of the field strength in this case 
is a Gaussian function concentrated at the origin, with spreading of order ~ y/Ci- It is 
explicitly non-singular. 

In terms of the IIB matrix model variable, we obtain 

X^ = irfd li U = XW. (3.32) 

In the above we have used the equation (0, 0| |0, 0) = 0. 

Since U = Up and W = pU\ one can add new parameters to the p = solution ( |3.32|) 
without changing the field strength (|3.31|) : 



Xj = C lP + Cl {l-p), (3.33) 

where we have introduced c-number parameters c M and Cj. c^'s are related to the pa- 
rameters of the ADHM moduli space, as we will explain in the next subsection. The 
field strength is unchanged by the modification from ( |3.21| ) to ( |3.33| ), in particular, it 
remains anti-self-dual. Hence the configuration ( |3.33| ) is still a solution of the IIB matrix 
model and preserves one-fourth of the supersymmetry. Since the projections p and 1 — p 
are orthogonal, we can express the solution (|3.33| ) in a block diagonal form. Taking an 
appropriate basis, we can write, schematically, 



® Id 2 



Xl = ( C ^® 1 ^ V (3.34) 



ci 



Thus, the solution (|3.33|) is the same as that discussed in |L2| |14| and recently considered 



in in the context of the noncommutative Yang-Mills theory. In the IIB matrix model, 
the left-upper block in ( |3.34 ) is interpreted as D3-branes, and the right-lower block is 



interpreted as a D(-l)-brane. The parameter set (c M , ci) is interpreted as a position of the 
D(-l)-brane, and the parameter Ci is interpreted as a position of the D3-branes. When 
Ci — ci 7^ 0, the solution ( |3.33| ) describes the D(-l)-brane and the D3-branes separated 
in the direction transverse to the D3-branes. 

Comments on the "Position" of the Instanton 

There is an obvious extension of the solution (|3.16|) which follows from the translational 



symmetry on noncommutative R 4 : 

Bt = Wl , B 2 = w 2 , 1 = (p 0), .P = (0 p). (3.35) 
7 The functional form of the gauge field depends on gauge choice. 
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Then, from 



we obtain 
V K = I 



-(z 2 - w 2 ) 

(Zl - Wx) 



vox) 
w 2 ) 



P o 

p 



(3.36) 



Following the steps parallel to the previous subsection, we obtain a gauge field which is 
obtained from Affl(x) in fl3.20|) by translation: 



A,{x) = Af(x-y). 



Here, ?/'s are defined from 



wi=y 



ty 



w 2 



y 4 + iy 3 . 



The field strength becomes 



FSS&-V), 



(3.37) 
(3.38) 
(3.39) 



where F^)(x) is the one defined in ( |3.31| ). Thus the parameter can be interpreted as 
position of the instanton on noncommutative R 4 . This is parallel to the interpretation 
in the commutative case. However, on noncommutative R 4 , the notion of the position 
should be considered with care f23|, since the translation (|2.7|) generates unitary gauge 
transformation on noncommutative R 4 : 

= T v A f^ - y) T l + WJ = 4 0) (^) - «w- ( 3 - 4 °) 

Thus the difference between A' (x), the gauge transform of A^ in ( |3.37| ), and Aj®(x) is 
constant. Both the translation and the constant shift of the gauge field are symmetries 
of the action ( 2.15 ) and ( |2.29| ). The eq. ( |3.40| ) means that these two symmetries of the 
action do not lead to independent moduli parameters, but they are related by the gauge 
transformation. 

Let us study the solution in the framework of the IIB matrix model. From the ADHM 
data ( |3.35|) , we obtain a classical solution of the IIB matrix model: 



X,(x)=X^(x-y) + c 



where 



c M = -B /lu y u (/i,z/ = 4), 



(3.41) 



(3.42) 



and X^(x) is defined in ( |3.32|) . Using an appropriate basis in TC, X^(x) can be written 
in a block diagonal form just like X}®(x) in (|3.32|): 



X, 



(^ 



did 



Id, 



H 



Id, 



(3.43) 
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The configuration ( |3.41| ) is gauge equivalent to ( |3.33| ). To see this, let us first consider the 
unitary transformation T y . By this unitary transformation, we obtain a gauge equivalent 
configuration X'^\ 

x;(x) = T y (Xf{x -y) + Tj = Xf{x) + c». (3.44) 

Next, let us consider the following unitary operator V: 

V = (u ] T^ y U +{l-p))T y . (3.45) 

By this unitary transformation V, we obtain X£ which is gauge equivalent to X^ in (|3.41|) 
with p = 0: 



X"(x) 



VX^(x)\ p=0 Vi 



(3.46) 



This is the expression appeared in fl3.33j ), and there c M is interpreted as a position of the 
D(-l)-brane in the worldvolume of the D3-branes. The equation ( p.42| ) means that the 
"position" parameter y fl in the ADHM moduli is essentially equivalent to the "position" 
c M of the D(-l)-brane, in the direction parallel to the worldvolume of the D3-branes.0 

These position parameters will enter in the gauge invariant observables like the ones 
considered in |23|||2"1]. 



Multi-Small Instanton Solution 



In general, it is quite difficult to obtain an explicit expression of the zero-modes 
in the noncommutative version of the ADHM construction. The reason is as follows. 
When all the instantons are top on each other at the origin, then we can use the basis 
( p.6| ) of the Fock space 7i. f\ However, when the instantons are "separated" , there is no 
such convenient basis ( the meaning of the word "separated" here will be made clearer 
shortly). However, when all the instantons become small instantons, i.e. / = = 0, we 
can construct an explicit fc-instanton solution quite easily: 



B l 





(2) 



\ 



V 



o 



o 



w 



(k) 



Bo 





(2) 



\ 



V 



o 



o 



8 If we set X* 



9^ ' A v instead of (2.37), then the position parameter in the ADHM moduli 



exactly coincides with the position of the D(-l)-brane. Therefore, the difference in y and c in ( 3.42| ) is 
only a matter of the choice of the coordinate system. 

9 In jl9) the explicit multi-instanton solutions with U(l) gauge group is obtained. This is because in 
the case of the anti-self-dual instantons on self-dual noncommutativity, we can utilize a noncommutative 
analogue of "singular gauge" , which simplifies the problem of finding zero-modes. But such a gauge 
choice cannot be used here. The reason may be understood from the explanation in |18|, sec. 4. 3. 
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/ = J f = 0. 



(3.47) 



Here is a parameter that expresses the position of the i-th instanton. When 7^ 



(0 



w 



CO 



we will state that the i-th instanton and j-th instanton are separated. 
We can construct a zero-mode corresponding to ( |3.47| ) : 

2 

/ 
















l«4 1 \«4 1) ><o,o| 

\w[ k \wi k) ) <0, A; — 1| 
jjk 



(3.48) 



}2- 



(3.49) 



Here, the numbers above and the right hand side of the matrix denote the number of the 
columns and the number of the lines, respectively, \w1\w2) is a coherent state: 



/ (i) (i), (t) 



U>1 ,w 2 ), 

1 5 w 2 h 
1. 



(3.50) 



In the above, we have already chosen a gauge similar to the one in ( 3.46|) . To recognize 
that the zero-mode ( |3.48j ) is the correct one, we recommend the reader to check the 
equations = ld n <g> Id 2 and = 1 
the ADHM construction (see for example, 
the following equations: 



t_L 

. To check these equations, one can utilize 



■ n - - _t p z; which are necessary conditions in 



U k (U r ) h 



ld n ® Id 



2, 



Id 



H 







id w -E":i |o,n 2 )(o,n 2 | 



(3.51) 



The IIB matrix variable takes the block diagonal form: 



X„ 



id^ <g> Id 2 



did 



H 



Ida 



(3.52) 
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where 




\ 



(3.53) 














(3.54) 



and c/'s are k x k matrices which commute with and among themselves. In the IIB 
matrix model, the k x k blocks c M and cj are interpreted as the worldvolume of k D(-l)- 
branes. When c^ 1 ' = = ■ ■ ■ = c^ k \ U(k) symmetry enhancement occurs. Note that this 
U(k) symmetry is the unbroken subgroup of the U(oo) unitary group acting in the Fock 
space TC. This symmetry enhancement is parallel to the symmetry enhancement in the 
solution of the ADHM equation fl3.47| ), which is the origin of the singularities in the moduli 
space. It is interesting that in the noncommutative case, the origin of the singularities 
in the moduli space can be directly observed from the field configuration. This is owing 
to the fact that the field configuration is non-singular in the noncommutative case, as 
opposed to the commutative case. 

4 Discussions 

In this article we have constructed an anti-self-dual instanton solution on noncommutative 
R 4 with an anti-self-dual noncommutative parameter 6^. The solution is constructed by 
the ADHM construction, and it is discussed in the framework of the IIB matrix model. 
The solution has a parameter p that characterizes the size of the instanton. The case 
p = corresponds to the small instanton singularity in the moduli space. It is shown that 
even at this small instanton singularity, the solution itself is explicitly non-singular, and 
takes the special form ( |3.32| ). Then the solution is continuously connected to the solution 
( [3.331 ), which is interpreted as a system of separated Dp-brane and D(p+4)-branes. This 
is consistent with an analysis of the moduli space of field theory on the worldvolume of 
the Dp-brane, since in this case the Higgs branch and the Coulomb branch are connected 
at the small instanton singularity. It is quite remarkable that while instantons in ordinary 
Yang-Mills theory only describe Dp-branes within the worldvolume of D(p+4)-branes, the 
noncommutative Yang-Mills theory can describe the separation of Dp-branes off D(p+4)- 
branes. 

We also observed that the instanton position parameter essentially coincides with the 
position of the D(-l)-brane in the IIB matrix model. It may be interesting to investigate 
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the appearance of the instanton position parameter in the dual supergravity side [E5 



in 



the large N super Yang-Mills/supergravity correspondence |26 



A class of multi-instanton solutions is also constructed. It is shown that he origin 
of symmetry enhancement in the worldvolume theory of D(-l)-branes can be observed 
directly from the symmetry enhancement in the IIB matrix model variable. 

It will be interesting to clarify the precise relation to the sigma model analysis, like 
those in 
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A Smoothness of the Weyl Symbol of the Instanton 
Gauge Field 



The components of the instanton configuration ( p.20|) is well defined as an operator acting 



in the Fock space 7i, and free from divergences. However, one may wonder whether the 
configuration is non-singular as a function on R 4 after the Weyl map ( |2.21|) . In this 
appendix, we explain how to show the smoothness of the Weyl symbol of the instanton 
gauge field ( |3.20| ). Hereafter we set £1 = 1 for simplicity, but the conclusion is the same 
for general (\. 

Let us first recall that the Weyl symbol of the projection operator |ni,n 2 ) (fii, w 2 | is 



given by |28 



CV(K n 2 ) (ni,n 2 \) = 2 2 (-l)" 1+n2 L ni (4r 2 )L n2 (4r 2 >- 2 '' , (A.l) 

where 

r = ^(n) 2 + (r 2 ) 2 , n ee ^/(x 1 ) 2 + (x 2 ) 2 , 



r 2 = ^/(x 3 ) 2 + (x 4 ) 2 , (A.2) 

and L n (x) is the n-th Laguerre polynomial: 

x jn 



Since for finite n\ and n 2 the Weyl symbol (|A.1|) is finite and infinite times differentiable 



potential dangerous of singularity only comes from the infinite summation over ni or n 2 . 
This means that for the discussion on the smoothness of the Weyl symbols, we only need 
to study the region rii + n 2 = N > N c for some large fixed integer N c . 

Let us write = A®t a , where t a 's are generators of the U{2) gauge group. From 
direct calculation, it can be shown that the gauge configuration ( |3.20p can be written in 
the form 

A- = fWp^ + f^P^\ (A.4) 

where and are polynomials in x, and of order equal or less than one and three, 
respectively. Furthermore, and can be written as 

(ni,ri2) 

/ (2) = E &M^)^M, (a.5) 
(11,12) 
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and have the asymptotic property 



f(i) 

J 71 1 



It 2 



J 111 



(2) 



O(-) (tf-oo), 
O(^) (iV-oo). 



(A.6) 



From the explicit form ( |A.4|) , we observe that to show the smoothness of the Weyl symbol 
of the gauge configuration (|A.4 ), we only need to show that /W is two times different iable 
and /( 2 ) is four times differentiable. Let us write 



(ni,n2) 



where □ = d^d^. Then we can check that 



1,2), 



(A.7) 



[n i f ( s)] 



0( 



jV(J+«)- 



for arbitrary non- negative integer /. From ([A. 8 ) we obtain 



711712 \ni,n 2 ) <ni,n 2 | 



< c E 



ni+rt2>A r ( 



< c E 



(A.8) 



\Q w (\n 1 ,n 2 ) (ni,n 2 \)\ 



n 1 +n,2>N c 

< C (l + s>2), 



(A.9) 



for some constants C and C . In the above we have used the inequality \L n (x)e~ x ^ 2 \ < 1. 
( |A.9| ) means that / < - s - ) is 2/ times differentiable. Since / is an arbitrary non-negative 
integer, this means is infinite times differentiable. Thus the Weyl symbol of the 
gauge configuration ( |A.4| ) is smooth. 

Thus we have shown the smoothness of the gauge field ( [3.20 ). Note that even the 
configuration that corresponds to the singularity of the moduli space is smooth. Since 
even the smallest size instanton is smooth in the above case, the smoothness of the Weyl 
symbols of more general configurations can be expected to be shown in a similar manner, 
though it needs more precise arguments since we cannot write the configurations in the 
form (|A.4 ) in general. We left the complete proof of the smoothness of the Weyl symbols 
of more general instanton configurations to the future. 
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